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Abstract 
The problem of controlling the formation of freckles which cause imperfection during the solidification of a binary or 
multicomponent alloy is a challenging one. The present analytical study considers a hydromagnetic model with variable 
permeability near eutectic –approximation and large far-field temperature and the dynamics of the mushy layer is studied by 
using a modified perturbation technique. Our results suggest that although the effect of variable permeability is of stabilizing 
type, by a proper choice of the magnetic and expansion parameters it is possible to have an optimal control over the formation of 
chimney convection so that the freckles causing imperfection in the resulting solid could be drastically avoided. The profiles of 
marginal stability curves, vertical velocity, magnetic field, temperature and local solid-fraction are presented, which clearly 
predict the behavior of the system in an effective way. The results are in excellent agreement with the available results in the 
limiting cases. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the organizing committee of ICCHMT – 2015. 
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1. Introduction 
During the solidification of a binary alloy, a distinct mushy layer made of dendritic crystals is formed due to the 
morphological instability of the solid-liquid interface. The partially solidified mush region is treated as a reactive 
porous medium. Convection that occurs during the solidification of alloys in a dendrite layer is an important 
phenomenon because the localized chimneys containing such flows within a mushy layer can lead to a class of 
defects called freckles in the resulting solid [1]. Hence, investigating the problem of convection in a mushy layer  
© 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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and finding the ways to control such flows are important in materials processing for producing higher quality 
solidified alloys. In addition there are a wide number of applications. The mushy layer forms a porous medium 
through which the interstial melt can flow in response to its own buoyancy in a gravitational field or to externally 
applied forces .The permeability of the mushy layer depends on the local liquid fraction, which in turn is determined 
by various internal physical processes involved in solidification. It is essential to know the permeability before any 
flow a melt can be analyzed, To this end, there has recently been renewed interest in measuring the liquid fraction of 
mushy layers in laboratory experiments [2] and [3]. Actually, there are a number of analytical studies which aimed 
to gain an understanding of such flows in mushy layer: for example, the studies by [4] and [5] which, were 
essentially based on the scaling and assumptions of the original model of [6]. In the past, investigations on magneto 
convection during solidification are mostly of experimental in nature. For example [7], [8], [9, 10], [11, 12], [13, 
14]. All the works mentioned above are based on the case of a porous medium, modelled according to Darcy’s law, 
with uniform permeability. It was found that the variation of permeability has a considerable effect on the 
convective heat transfer. The initial motivation for carrying out the present study was to uncover the effect of the 
vertical magnetic field in the presence of variable permeability on the chimney formation or suppression in the layer, 
which have important practical implications. The results of the present investigation are interesting which provide 
satisfactory answers to our initial motivating questions. Our results suggest that the vertical magnetic field acts as a 
stabilizing agent and at the same time the cumulative effect of variable permeability and the uniform external 
vertical magnetic field on the chimney convection is remarkable.  
2. Mathematical Formulation 
The physical configuration consists of a mushy layer formed during the solidification of a binary alloy that is cooled 
from below. The solidification front moves with a constant velocity ሬܸԦ଴in the upward direction. The whole system is 
under the constraint of an externally imposed magnetic field ܪሬԦ ൌ ሺ݄ଵǡ ݄ଶǡ ܪ଴ ൅ ݄ଷሻ  in the vertical z-direction with 
variable permeability effects. Here,  ௘ܶ  is the eutectic temperature at which the lower mush-solid interface is 
maintained and ஶܶis the temperature of the liquid far above the mushy layer. Further ଴ܶ is the liquidus temperature 
of the alloy such that  ஶܶ ൐ ଴ܶ. Here, the mushy layer is assumed to be in a state of thermodynamic equilibrium so 
that, 
ܶ ൌ ଴ܶሺܥ଴ሻ ൅ ߁ሺܥ െ ܥ଴ሻ                                                                                                                                          (1)       
where, T is the temperature ,C is the composition,߁ is the slope of the liquids andܥ଴ is the composition of the liquid 
zone. 
The perturbed linearzed system is given by, 
The conservation of momentum  
ሺ׎ሻሬԦ ൅ ׏ ൅ Ʌ෠ െ ୕த ሺ ௭߲ܪሻ ൌ Ͳ                                                                                                                          (2)       
 The magnetic induction equation                                                                         
ሺ߲௧ െ ௭߲ሻሬሬԦ ൌ ሺ ௭߲ݍԦሻ ൅ ଵத ׏ଶሬሬԦ                                                                                                                                   (3)       
  The conservation of heat                                                                                                        
ሺ߲௧ െ ௭߲ሻሺߠ െ ܵ׎ሻ ൅ ݓܦߠ஻ ൌ ׏ଶߠ                                                                                                                          (4)       
The conservation of solute                                                                                   
ሺ߲௧ െ ௭߲ሻሾሺͳ െ ׎ሻߠ ൅ ܥ׎ሿ ൅ ݓܦߠ஻ ൌ Ͳ                                                                                                                  (5) 
 The conservation of mass                                                                                      
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׏ݍԦ ൌ Ͳ                                                                                                                                                                       (6)      
The conservation of magnetic field 
ߘܪሬԦ ൌ Ͳ                                                                                                                                                                     (7)  
2.1 The Dimensionless Boundary conditions:   
The dimensionless boundary conditions at the upper boundary z = d that corresponds to an impermeable (rigid) flat 
boundary with zero solid fraction (i.e ĳ=0) and at the lower boundary  z=0 are 
ߠ ൌ Ͳݓ ൌ Ͳܽ݊݀ܪሬԦ ൌ ෠݇ܽݐݖ ൌ Ͳ                                                                                                                     (8)      
ߠ ൌ Ͳǡ ׎ ൌ Ͳǡ ݓ ൌ Ͳܽ݊݀ܪሬԦ ൌ ෠݇ܽݐݖ ൌ ߜ                                                                                                              (9)      
Where ,ߜ ൌ ௗ௏బ఑   is the growth peclet number and is the dimensionless thickness of the mushy layer. 
2.2 The associated dimensionless parameters are:
ܴ ൌ ఉο஼గሺ଴ሻ௚௏బఓ   : Rayleigh number; ൌ
௅೓
௥ο் : Stefan number ; ߬ ൌ 
఑
జ೘  : Roberts number. 
ܥ ൌ ஼೐ି஼బο஼   : Concentration ratio; ܳ ൌ 
ఓכுబమగሺ଴ሻ
ସగఘబఊఊ೘  :  Chandrasekar number ; ൌ
గሺ଴ሻ
గሺ׎ሻ : Permeability function. ; T: the 
temperature, ܥ଴: Composition of the liquid zone, (u ,v, w) :  Horizontal  and vertical components of ݍԦ .  ଓƸǡ ଔƸǡ ෠݇ : Unit 
vectors, along the x, y, z axes. Where, the quantities have the following meaning:     
׎ : 1- ȥ local solid fraction ;߰ ൌ local liquid fraction ; P :dynamic pressure;ߤǣ is the dynamic viscosity ߨ ൌ ߨሺ߰ሻ: 
permeability is a function of the local liquid fraction ; ݐǡ ܶǡ ߢǡ ݎǡ ܮ௛: The Time ,Temperature , thermal diffusivity , 
specific heat , latent heat/unit mass; ܥ௦  : Composition of the solid phase ; ܥ  : Composition of the liquid 
phase;ߤכǡ ߭௠ǡ ܪሬሬሬԦ : Magnetic permeability , Magnetic diffusivity , Magnetic field ; ߩǡ ߩ଴: Densities ; Ԧ݃ ൌ ሺͲǡ Ͳǡ ݃ሻ : 
Acceleration due to gravity;ߨሺͲሻ : The reference permeability. 
ݍԦ ൌ ݑଓƸ ൅ ݒଔƸ ൅ ݓ ෠݇: Darcy velocity vector/unit area ; d : mushy layer thickness ; ܪ଴: The strength of the magnetic 
field ; ߭ : Kinematic viscosity ; ߚ : The volume expansion coefficient of combined heat ,mass and solute [15] and 
[16], ߨሺ׎ሻ : Permeability of the medium (assumed to be finite). ߨሺͲሻ : The reference value of the permeability in 
porous medium at׎ ൌ Ͳ.          
Here,଴଴ǡ Ʌ଴଴ǡ ׎଴଴ǡ ଷ଴ɘ଴ଵǡ Ʌ଴ଵǡ ׎଴ଵǡ ଷ଴ଵ  are all functions of z only. Applying ܿݑݎ݈  twice on the momentum 
equation  and considering the z-component of the result we get the following system of equations in the matrix form 
,after substituting (2) and collecting the terms of ȅ(א ߜ଴). 
3. Method of solution 
The method of solution constitutes two stages viz, Basic state solution and linear stability analysis. 
3.1 Basic state Analysis: In the basic state, the velocity ݍԦ ൌ Ͳǡ డడ௧ ൌ Ͳ .Thus we have the following set of equations, 
where the subscript B indicates the basic state. 
ሺͳ െ ׎஻ሻܦߠ஻ ൅ ܦ׎஻ሺܥ െ ߠ஻ሻ ൌ Ͳ                                                                                                                           (10)       
ܦଶߠ஻ ൅ ܦߠ஻ െ ܵܦ׎஻ ൌ Ͳ                                                                                                                                         (11)       
ܦ ஻ܲ െ ܴߠ஻ ൌ Ͳ                                                                                                                                                          (12)       
Here, we take׎஻ ൌ ߜ׎஻଴ǡ ߠ஻ ൌ ߠ஻଴                                                                                                                 (13)      
on solving the differential equations, we get the following basic state solutions: 
ߠ஻଴ ൌ ܣଵ ൅ ܣଶ݁ି௭    ;  ܣଵ ൌ െͳ ൅ ݁ߠஶǢ ܣଶ ൌ െ݁ߠஶ                                                                                          (14)       
׎஻ ൌ ߜ׎஻଴ ൌ ܣଷ ൅ ܣସݖ   ;       ܣଷ ൌ െሺܿ ൅ ݏ ൅ ͳሻǢ ܣସ ൌ ݁ߠஶ                                                                          (15)   
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3.2 Linear stability analysis:  
                   For performing the linear stability analysis of the perturbed system the perturbation technique through 
normal mode approach is employed. 
The variables are expanded as follows:
ሺݓǡ ߠǡ ׎ǡ ݄ଷሻ ൌ ሺͲǡ ߠ஻ǡ ׎஻ǡ ܪ଴ሻ൅א ൫ݓෝǡ ߠ෠ǡ ׎෡ǡ ݄ଷ෢൯                                                                                                         (16)        
൫ݓෝǡ ߠ෠ǡ ׎෡ǡ ݄ଷ෢൯ ൌ ሾሺݓ଴଴ǡ ߠ଴଴ǡ ׎଴଴ǡ ݄ଷ଴ሻ ൅ ܫכሺݓ଴ଵǡ ߠ଴ଵǡ ׎଴ଵǡ ݄ଷ଴ଵሻሿ݁௜௞௫ାఙ௧                                                                    (17)        
Where אا ͳ is the perturbation parameter, k is the horizontal component of the wave numberߙ (here k =ߙ) and ߪ
is the growth rate of the disturbance. The perturbed quantities are expanded in terms ofߜwhich is assumed to be 
small.                                                                                                       
ࣦߙ଴଴ ൌ Ͳ                                                                                                                                                                    (18)        
where,
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and ߙ଴଴ ൌ ሾݓ଴଴ǡ ߠ଴଴ǡ ׎଴଴ǡ ݄ଷ଴଴ሿ்   ; T denotes the transpose of the matrix. 
The solution of the first order system is given by: 
ߠ଴଴ ൌ െݏ݅݊ߨݖ    ;  ׎଴଴ ൌ ܥଵכݏ݅݊ߨݖ ൅ ܥଶכܿ݋ݏߨݖ ൅ ݇ଵሺݖሻ  ; ܴ ൌ ܴ଴଴ ൅ ߜܴ଴ଵ                                                  (20) 
ݓ଴଴ ൌ ܥଵݏ݅݊ߨݖ ൅ ܥଶܿ݋ݏߨݖ ൅ ݇ଶሺݖሻǢ ݄ଷ଴଴ ൌ ܥଷݏ݅݊ߨݖ ൅ ܥସܿ݋ݏߨݖ ൅ ݇ଷሺݖሻ                                                           (21)        
Where,  
݇ଵሺݖሻǡ ݇ଶሺݖሻǡ ݇ଷሺݖሻ  Determined by using the boundary conditions are given below, 
݇ଵሺݖሻ ൌ ݖܥଶכǢ ݇ଶሺݖሻ ൌ ሺʹݖ െ ͳሻܥଶǡ ݇ଷሺݖሻ ൌ ሺʹݖ െ ͳሻܥସ                                                                        (22)        
Where, 
ܥଵ ൌ ஺భ஺మ ሾߨܥଶ
כሺܿ ൅ ͳሻሿ  ; ܥଶ ൌ ஼భ
כ
஺మ ൫ሺܿ ൅ ͳሻ൯ሺߨ ൅ ͳሻ  ; ܥଵ
כ ൌ ௖ା௦ାଵሺ௖ା௦ାଵି௘ఏಮሻ                                                            (23) 
ܥଶכ ൌ െ ൫గ
మାఈమ൯
గሺ௖ା௦ାଵି௘ఏಮሻ;    ܥଷ ൌ െ߬ ቂ
గ൫గమାఈమ൯஼మାగమ஼భఛ
ሺగమାఈమሻమାగమఛమ ቃ ;   ܥସ ൌ ߬ ቂ
గ൫గమାఈమ൯஼భିగమ஼మఛ
ሺగమାఈమሻమାగమఛమ ቃ                                            (24) 
Finally from (19,20 and 21) we get the expression for ܴ଴଴ as 
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ܴ଴଴ ൌ ൫గ
మାఈమ൯஼భ
ఈమ஻భయ
൅ ଷగ஼మ஺రఈమ஻భర ൅
ொగሺగమାఈమሻ஼ర
ఛఈమ                                                                                           (25)       
The critical wave number ߙ௖ will be apparent in Figs. (1 to 3).The solution of the higher order inhomogeneous  
system is obtained by using the solutions of the basic state as well as the first-order systems, by using the solvability 
condition. 
൏ ݓ଴௡ǡ ݓ଴଴ ൐ൌאǢ൏ ݂ǡ ݃ ൐ൌ ׬݂݃ ݀ݖ                                                                                                                 (26)       
Now ܴ଴ଵ is given by 
ܴ଴ଵ ൌ
൤ଷସ ߨܤଶܣସሺܥଵଶ െ ܥଶଶሻ െ
ଷ
ସ ܤଶܤଵଷܴ଴଴ߙଶ ቀെܥଵ ൅
஼మ
గ ቁ െ
ଷ
ସ
ொ
ఛ ܤଶܤଵଶߨሺߨଶ ൅ ߙଶሻሾሺܥସܥଵ െ ܥଷܥଶሻ ൅ ሺܥଷܥଵ െ ܥସܥଶሻሿ൨
ߙଶ ቆ஼భ஻భయଶ ൅
ଷ
ସܤଶ ቀെܥଵ ൅
஼మ
గ ቁቇ
                                                                                                                                                                                    (27)        
Where, 
  ܤଵ ൌ ͳǢ ܤଶ ൌ ݁ߠஶ ; ܣଵ ൌ െͳ ൅ ݁ߠஶǢܣଶ ൌ ݁ߠஶǢଷ ൌ െሺ ൅  ൅ ͳሻǢ ସ ൌ ݁ߠஶ                                    (28) 
The higher order Solutions ଴ଵǡ Ʌ଴ଵǡ ׎଴ଵଷ଴ଵ are determined and the computed results are presented through 
graphs. 
4. Results and Discussions 
The computed results are presented through graphs  in  Figs. 1 to 7 for the  experimental values of the parameters 
viz s=3.2,c=9.0, ߠஶ ൌ 0.6,0.7,0.8,Q=0.1,1,3,5 and ߬ ൌ ͲǤͲͲͲͳ  respectively with ߜ ൌ ͲǤͲͳǡͲǤͲ͵ǡͲǤͲͷǤ The 
expressions are quite lengthy and hence the details are not presented. In the solution process, far-field temperature 
ߠஶis considered at the top boundary as ܦߠ௕ ൌ ߠஶat ݖ ൌ ߜ.The results( Figs. 1 to 3) show that, marginal stability 
curves are extremely sensitive to the far-field temperature .The effect of magnetic field is to stabilize the system ,as 
in the case of Rayleigh-Bernard convection (Fig.2) .Also, as ߠஶ  increases R decreases there by indicating the 
destabilizing nature of ߠஶ(Fig.3).The presence of the variable permeability decreases the value of R as expected. 
Thus chimney formation could be suppressed by enhancing the effects of uniform magnetic field. The profiles of 
ݓ ൌ ݓ଴଴ ൅ ߜݓ଴ଵǡ݄ଷ ൌ ݄ଷ଴଴ ൅ ߜ݄ଷ଴ଵǡߠ ൌ ߠ଴଴ ൅ ߠ଴ଵǡ ׎ ൌ ׎଴଴ ൅ ׎଴ଵare drawn forߜ ൌ ͲǤͳǡ ͲǤͲ͵ǡ0.05 (Figs.4to7) 
respectively .From Fig.4 it is observed that: (i).The effect of increase in ߜ  is to reduce the vertical component of the 
velocity w.(ii).w decreases asߜ increases from 0.01 to 0.05 for all z and Q. (iii).It is maximum at the middle of the 
layer.(iv).The variation of w with respect to z is remarkable. In the beginning increases drastically and proceeds 
towards left. Further, the non uniformity of the velocity profile decreases as ߜincreases .which clearly indicates that 
the effect of ߜ is to suppress the formation of chimney convection.  Reaches maximum at z = 0.(v)But, the presence 
of variable permeability  increases the vertical velocity as expected. For the total w=1.6346 and 7.0743 in presence 
and absence of variable permeability. It is found that the vertical flow decreases with increase in Q implying the 
stabilizing effect of the magnetic field. 
          From Fig.5, it is observed that total Ʌ is negative for all and z. The values of ȁߠȁ increase asߜ increases from 
0.01to 0.05.  As z increases from 0 to 1, the values of ȁߠȁ increase and reaches a maximum at the middle of the layer 
then proceeds towards right. The profile is parabolic with opening towards right (hereݓ ൌ ݓ଴଴ ൅ ߜݓ଴ଵሻ; andݓ଴ଵis 
a function of ݏ݅݊ߨݖܽ݊݀ܿ݋ݏߨݖ therefore the profile of total w is parabolic in nature and the effect of ߜ is to 
increase the non-linearity/curvedness of the profile. This is in conformity with the behavior of the velocity profile. 
          From Fig. 6 the behaviour of total ݄ଷ ൌ ݄ଷ଴଴ ൅ ߜ݄ଷ଴ଵǡ profile could be clearly predicted. As in the case of 
ߠǡ ݄ଷis, (i).Negative for all z and opens towards the left. (ii).Decreases in absolute value for an increase inߜ and    
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(iii).Is maximum at z=0.6 and then decreases. 
  In Fig.7, the profiles of total ǡ ׎ ൌ ׎଴଴ ൅ ׎଴ଵ  for ߜ ൌ ͲǤͲͳǡ ͲǤͲ͵, 0.05, are presented for Q =1.The following 
points are observed.(i).׎ < 0 for all z൑ ͲǤ͵ and ׎ > 0 for in the range ͲǤͶ ൑ ݖ ൑ ͲǤͲ (ii).As ߜ increases, the non 
linearity also increases. (iii).Q is maximum when z=0.7.This fig also depicts the behaviour of solid fraction in 
hydromagnetic convection in a mushy layer. 
The present analytical work is undertaken and the mathematical model is presented along with the necessary 
assumptions in order to predict the cumulative effect of uniform vertical magnetic field and variable permeability by 
applying a modified perturbation technique which is found to be very elegant.  
     
  
            
     
                                                                           
   
  
Fig.1. R v/s Z  for  ߜ ൌ ͲǤͲͳǡͲǤͲ͵ǡ ͲǤͲͷǤ                                                       Fig.2. R v/s Z for Q = 0.1, 3, 5. 
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Fig.3. R v/s Z for ߠ ൌ ͲǤ͸ǡ ͲǤ͹ǡ ͲǤͺ                                                              Fig.4.W v/s Z for Q=1 
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Fig.5  ߠ  v/s Z for Q=1                                                                                 Fig.6. ݄ଷ/s Z for Q=1 
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Fig.7.  ׎ v/s Z for Q = 1 
Through the present analytical approach which is not available in the literature it is shown that the complete solution 
of the basic , first and the higher order systems could be accurately determined and  finally it is concluded that, a 
proper choice of the variable permeability and magnetic parameters it is possible to have a complete rather an 
optimal control over the formation of chimney  due to the morphological instability at interface during the 
solidification process of a binary alloy, which in turn results in a solid free from freckles. It is important to note that 
our model is best suited for controlling convection in a mushy layer for (i). Large far-field 
temperature.(i.e., ߠஶ ൌ 0.6,0.7,0.8). (ii). Uniform magnetic field. (iii).Variable permeability, are considered. 
Actually, large far-field temperature inhibits the formation of chimney convection See [10]. 
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